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Abstract

Recently introduced leap Zagreb indices of a graph based on the second degrees
of vertices (number of their second neighbors). The first leap Zagreb index LM;(G)
is equal to the sum of squares of the second degrees of the vertices, the second leap
Zagreb index LM5(G) is equal to the sum of the products of the second degrees of
pairs of adjacent vertices of G and the third leap Zagreb index LM3(G) is equal to
the sum of the products of the first degrees with the second degrees of the vertices.
In this paper, exact expressions for the first Zagreb index of some graph operations
containing the corona product, cartesian product, composition, disjunction and
symmetric difference of graphs are presented.
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1 Introduction

In this paper, we are concerned only with simple graphs, i.e., finite graphs having
no loops, multiple and directed edges. Let G = (V, E) be such a graph with vertex
set V(G) and edges set E(G). As usual, we denote by n = |V| and m = |E| to the
number of vertices and edges in a graph G, respectively. The distance dg(u,v) between
any two vertices v and v of a graph G is equal to the length of (number of edges in)
a shortest path connecting them. For a vertex v € V(G) and a positive integer k,
the open k-neighborhood of v in a graph G is denoted by Ni(v/G) and is defined as
Ny(v/G) = {u € V(G) : dg(u,v) = k}. The k-distance degree of a vertex v in G
is denoted by di(v/G) (or simply di(v) if no misunderstanding) and is defined as the
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number of k-neighbors of the vertex v in G, i.e., dix(v/G) = |Ni(v/G)|. It is clearly that
di(v/G) = d(v/G) for every v € V(G). The complement G of a graph G is a graph with
vertex set V(G) and two vertices of G are adjacent if and only if they are not adjacent
in G.

For a vertex v of G, the eccentricity e(v) = max{dg(v,u) : v € V(G)}. The diameter
of G is diam(G) = max{e(v) : v € V(G)} and the radius of G is rad(G) = min{e(v) :
v e V(G)}. Let HC V(G) be any subset of vertices of G. Then the induced subgraph
G(H) of G is the graph whose vertex set is H and whose edge set consists of all of the
edges in F(G) that have both endpoints in H. A graph G is called F-free graph if no
induced subgraph of G is isomorphic to F'. For any terminology or notation not mention

here, we refer to [9)].

A topological index of a graph is a graph invariant number calculated from a graph
representing a molecule and applicable in chemistry. The zagreb indices have been in-
troduced, more than forty four years ago, by Gutman and Trinajestic [7], in 1972, and
elaborated in [6]. They are defined as:

Mi(G)= Y di(v/G) and My(G)= > di(u/G)di(v/G).

veV(Q) weE(G)

For properties of the two Zagreb indices see [2], [3], [6], [12], [16] and the papers cited

therein.

In recent years, some novel variants of ordinary Zagreb indices have been introduced
and studied, such as Zagreb coincides [1], [8], multiplicative Zagreb indices [5], [14], [16],
multiplicative sum Zagreb index [4], [15], and multiplicative Zagreb coincides [17] and

etc. The Zagreb coindices are defined as:

M(G)= > (di(u/G)+di(v/G)) and My(G)= Y di(u/G)di(v/G).
wéE(G) wéE(G)

Recently, Naji et al. [10], have been introduced a new distance-degree-based
topological indices conceived depending on the second degrees of vertices (number of
their second neighbors), and are so-called leap Zagreb indices of a graph G and are

defined as, respectively.

LM\(G) = ) d3(v/G)

veV(Q)
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LMy(G) = Y dy(u/G)da(v/G)

weFE(G)
LM;(G) = Z( )d<v/G>d2<v/G>-

From the above definitions, the following identities have been established.

LMy(G)= Y Y do(u/G)

vEV(G) ueN2(v/QG)

LMQ(G):; Y /@) Y d/C)

veV(G) u€N(v/G)

LM;(G)= Y Y do(u/G)

veV(GQ) ueN(v/Q)

= Z Z di(u/G)

veV(G) ueN2(v/QG)

. <d2(u/G) + dg(v/G)).
weE(G)
For properties of the leap Zagreb indices see [10].
In this paper, the explicit formulae for a first leap Zagreb index of some graph oper-
ations containing the corona product, cartesian product, composition, disjunction and
symmetric difference of graphs will be presented.
The following fundamental results which will be required for many of our arguments

in this paper are found in Yamaguchi [18] and Soner and Naji [13].
Theorem 1.1. ([13],[18]) Let G be a connected graph with n vertices and m edges. Then

b0/G)< (Y di(u/G)) —di(v/G)

ueN1 (v/G)
and equality holds if and only if G is a {C3, Cy}-free graph.

2 The first leap Zagreb index of graph operations

In this section, we present exact formulae for the first leap Zagreb index of corona product
G o H, cartesian product G x H, composition G[H], disjunction G V H and symmetric
difference G® H of two graphs G and H. Throughout this section our notation is standard

and taken mainly from [11].
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2.1 Corona product

Definition 2.1. Let G and H be two graphs on disjoint vertex sets with n; and no
vertices, respectively. The corona G o H of G and H is defined as the graph obtained by
taking one copy of G and n,; copies of H, and then joining the i’* vertex of G to every

vertex in the i* copy of H.

It is clear from the definition of G o H that n = |V(G o H)| = n; + niny and
m = |E(G o H)| = my + ni(ny + msg), where m; and msy are the sizes of G and H,
respectively. In the following results, H?, for 1 < j < n,, denotes the copy of a graph
H which joining to a vertex v; of a graph G. Note that in general this operation is not

commutative.

Theorem 2.2. Let G; and H be two graphs with ny; and ns vertices and my and msy
edges, respectively. Then
LMl(GloH) = LM1(G)—FQTZQLMP,(G)+n2<n2+1)M1(G>+n1M1(H)+n2(n2—1) nlng(ng—

1) — 47117712 + 4n2m1 — 8m1m2.
Proof: Since, for every v € V(GoH) either v € V(G) or v € V(H’), for some 1 < j < ny,
then to compute dy(v/G o H), we consider the following cases:
Case 1: If v € V(G), then dy(v/G o H) = da(v/G) + nad(v/G).
Case 2: Ifv € V(Hj) then
dy(v/G o H) = Zd2 v/{v;} o HY) = Z (2 = 1) = d(o/ HY) + d(v;/G)].

Thus,

LMi(GoH)= >  d3(v/GoH)

veV (GoH)
= Y d%(v/GoH)—i—zl: > di(v/{v;} o HY)
veV(Q) J=lweV(H7)
= > |da(v/G) + nad( U/G} +Z 3 [(m—1)_d(v/Hﬂ')+d<vj/c:)}2
veV(G) J=lveV(H7)
= > |BW/G)+ 2n2d(v/G)da(v/G) + n3d(v/G)]
vEV(G)

Y [(n2 = 1) = 2(n — 1)d(v/ BY) + d*(v/ HY)

J=lveV(HY)
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+2(ny — 1)d(v;/G) — 2d(v/H?)d(vj/G) + d*(v; /G)}
Y d3(v/G)+2ny Y [dv/G)da(v/G) +n5 > d(v/G)

ueV(G) veV(Q) veV(Q)
+Z S (np—1)% =2 2—12 S d(v/HY)
J=lveV (H7) Jj=lveV(H7)
+Z > d(v/HY) +2n2—1z S d(vi/G)
Jj=lveV (H7) Jj=1lveV(H7)
—zz > [d(v/H7)d vj/G)]JrZ > d*(v;/G)
J=1veV(HY) Jj=1lveV(HJ)

= LM (G) 4 2naLM3(G) + n3 M1 (G) + nina(ne — 1)% — 4nyma(ng — 1)
+ nlMl(H) + 4?7,2?711(712 — 1) — 8mimag + TLQMl(G)
= LMl(G) + 2712LM3(G) + ng(ng + 1)M1(G) + nlMl(H)

+ ’I’LQ(TLQ — 1) [nan(ng — 1) —dnimo + 4n2m1} — 8mimeao.

2.2 Cartesian product

Definition 2.3. For given graphs G and H their Cartesian product, denoted GUIH,
is defined as the graph on the vertex set V(G) x V(H), and vertices u = (uy,ug) and
v = (v1,vg) of V(G) x V(H) are connected by an edge if and only if either (u; =
vy and ugve € E(H)) or (ug = vy and wyvy € E(Q)).

It is a well known fact that the Cartesian product of graphs is commutative and asso-
ciative up to isomorphism, |V (GOH)| = |V(G)||V (H)|, the distance between any two ver-

tices u = (uy, uz) and v = (v, v2) in GOH is given by dgoy (u, v) = dg(uy, v1)+dg (ug, v2).

The following result is required to prove the next main result.

Theorem 2.4. [13] Let G and H be connected graphs of orders n; and ns, respectively.

Then for any vertex (u,v) € V(GOH),
di((u, ) /GOH) = Y <d,~(u/G) dk_l-(v/H)>.

=0

Theorem 2.5. Let G and H be two nontrivial connected graphs with ny, ny vertices
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and mq, my edges, respectively. Then

where z = Y do(u/G)and y= > do(u/H).

uweV(Q) veV (H)
Proof: Let G and H be connected graphs with ny, ny vertices and my, my edges, re-
spectively. Then by Theorem 2.4,
do((u,v)/GOH) = do(u/G) + d(u/G)d(v/H) + do(v/H), for every u € V(G) and v €
V(H). Hence,

LM\(GOH)= > d5((u,v)/GOH)
(u,v)€V(GOH)

= Z Z (dg u/G) +d(u/G)d (v/H)+d2(v/H))2

ueV (G) veV (H)

= Z Z <d2 uw/G) + 2d(u/G)dy(u/G)d(v/H) + d*(u/G)d*(v/H)

weV (G) veV (H)

+ 2y (/G ds(v) H) + 2d(u/G)d(v/H)ds(v/ H) + d2(v /H))

- Y Y B2 Y Y ( (/G dy(u)G)d (U/H))

weV(G) veV (H) wEV(G) veV (H)
Yy <d2 WG (v/H) ) 2 %% <d2 uw/G) dQ(U/H)>
weV (G) veV (H) weV(G) veV(H)
+2 > > < (u/G)d(v/H)dy(v/H) ) + > Y di(v/H)
weV(G) veV (H) weV(G) veV (H)

( S dy(u/G) )( T d2 (v/H) ) + dmy LMy(H) + ny LM, (H).

ueV(G) veV(H

From Theorems 1.1 and 2.5, the following result follows:

Corollary 2.6. Let G and H be {Cj3, C,}-free connected graphs with n;, ny vertices and
my, mo edges, respectively. Then

LM, (GOH) = ny LM, (G) + 4ma LM5(G) + 1y LM, (H) +4my LM (H) + 3M, (G) M, (H) —
4my M1 (G) — dma M (H) 4+ 8myms.
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Corollary 2.7. For any two complete graphs K, and K, n,p > 2,
LM, (K,OK,) = M;(K,) M (K,).

Corollary 2.8. Let G be a {C3, Cy}-free connected graph with n > 3 vertices and m
edges, such that G 2 K,,. Then

LM,(GOK,) = pLM,(G) + 2p(p — 1) LM3(G) + p(p — 1)* M, (G).

As an application of the above result, we list explicit formulae for the first leap Zagreb
index of P,L1P;, P,LJIC; and C,[0C;. These graphs are known as the rectangular grid, the
Cy nanotube, and the Cy nanotorus, respectively. The formulae follow from Theorem 2.5
and Corollary 2.6, by bering in mind, for n > 5, My(P,) = 4n — 6, LM,(P,) = 4(n — 3),
LMs(P,) = 4n — 10 and M;(C,,) = LM;(C,) = LM3(C,) = 4n.

Corollary 2.9. For s,t > 5,
(a) LM,(P,0P,) = 60st — 100(s + t) + 132

(b) LM, (P,OC,) = 4t[24s — 4t — 37 — 8(s — 1)(2s — 3)

(c) LM, (C,OC;) = 16(6st — s* — t2).
2.3 Composition

Definition 2.10. The composition G[H] of graphs G and H with disjoint vertex sets
and edge sets is a graph on vertex set V(G) x V(H) in which (uq,v;) is adjacent with

(ug,v9) whenever [u; is adjacent with us] or [u; = up and vy is adjacent with vs).

The composition is not commutative. The easiest way to visualize the composition
G[H] is to expand each vertex of G into a copy of H, with each edge of G replaced by
the set of all possible edges between the corresponding copies of H. Hence (see [1]), the
number of edges in G[H]| is given by |E(G[H])| = nymy + n2m;, and the degree of a
vertex (u,v) of G[H] is given by di((u,v)/G[H]) = nadi(u/G) + dy(v/H).

Lemma 2.11. Let G and H be two graphs with disjoint vertex sets with n; and n,

vertices and edges sets with m; and ms edges, respectively. Then

0, if u; = ug and vy = v9;
1, if u; = ug and vivg € E(H>§
d =

dg(ul,UQ>, If U1l 7é Ua.
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(b) da((u,v)/G[H])) = nada(u/G) + di(v/H).

Theorem 2.12. Let G and H be two graphs with disjoint vertex sets with n; and ns

vertices and edges sets with m; and my edges, respectively. Then

LM;(G[H]) = njLM;(G)+ni M1 (H)+(2n5—2n3—4noms) > do(u/G)+ni(na—1)(n3—ns—4ms).
ueV(G)

Proof: By Lemma 2.11, we obtain

LM\(GH]) = > dy((u,v)/G[H])

(u,v)eV(GIH])

= Y (w6 + /)

(uv)eV(G[H])

-y ¥ ( 232 (u/G) +2n2d2(u/G)d1(v/H)+d2(v/H)>

uweV(G)veV(H)

= 3LM(G) + 2nana(ng — 1) — 2ma] Y do(u/G) + my <n2(n2 1)
veV(Q)

~ 4(ng — V)ma + Ml(H)>

=n3 LM (G) +niMi(H) + (2n5 — 2n3 — dnams) > do(u/G)
ueV(G)

+n1(ng — 1)(n3 — ny — 4my).

As an application we present formulae for first Zagreb index of some standard
graphs with bering in mind Theorem 1.1 and LM;(K,) = LM;(K,) = 0 and for p > 5,

Corollary 2.13. Let G be (Cs, Cy)-free graph with n vertices and m edges. Then
o LM(G[K,]) = p’LM:(G);
o LMi(K[G)) = p(Mi(G) + n(n — 1)* — dmfn — 1))
o LM\(G[K,]) = p*LM(G) + 2p*(p — 1)Mi(G) — p(p — 1)(4mp — np + n);

o LM\(K,[G]) = pMy(G) + pn(n — 1)> — 4pm(n — 1);
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o LMy(GIGy)) = LM (G) + 26%(p — 3)(Mi(G) — 2m) + npl(p — 1)(p — 5) + 4], for
p =9
o LM (C,|G]) = pMi(G) + 4pn® + pn*(n — 1)(n+ 3) — dpm(5n — 1), for p > 5 .

2.4 Disjunction

Definition 2.14. The disjunction G V H of two graphs G and H with disjoint vertex
sets and edge sets is the graph with vertex set V(G) x V(H) in which (u,v,) is adjacent

with (ug,vy) whenever w; is adjacent with uy in G or vy is adjacent with vy in H.

The disjunction is commutative and the degree of a vertex (u,v) of G V H is given by
d1<(U,U)/G V H) = ngdl(U/G) + n1d1<U/H) — dl('LL/G>d1(’U/H)
while the number of edges of GV H is equal to n?msy + n3m; — 2myma, [1].

Lemma 2.15. Let G and H be two graphs with n; and ny vertices and m; and mso

edges, respectively. Then

0, if uy = us and vy = v9;
(a) dovi((ur,v1), (u2,v2)) = 1, if uyus € E(G) and vivy € E(H);
2, otherwise.

(b) do((u,v)/GV H) = (ning — 1) — nady(u/G) — nydy(v/H) + di(u/G)dy (v/ H).

The following result which will used in proof of next our results is found in the earlier

paper [10].

Theorem 2.16. Let G be a connected graph with n vertices and m edges. Then
LM,(G) < Mi(G) +n(n—1)? —4m(n — 1)

and the equalities hold, if and only if G having diameter at most two.

In [1] the following identity was established:

Theorem 2.17. Let G and H be two graphs with n; and ns vertices and my and msy

edges, respectively. Then

Ml(G\/H> = (n1n§—4n2m2)Ml (G)+M1 (G)Ml (H)+(ngn%—llnlml)Ml(H)+8n1n2m1m2.
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It is clear from Lemma 2.15, if G or H not a complete graph, then diam(GV H) = 2.

Hence from Theorems 2.16 and 2.17, the following result immediately follows.

Theorem 2.18. Let G and H be two graphs with n; and ny vertices and m; and ms
edges, respectively, such that G or H not a complete graph. Then

M, (GVH) = (nyni3—4nymy) My (G)+ M, (G) M, (H)+(neni—4nymy ) My (H)+8ninomims-+
nina((ning — 1)2 — 4(nyny — 1)(n2my + n3my — 2myms,).

2.5 Symmetric difference

Definition 2.19. The Symmetric difference G @ H of two graphs G and H with disjoint
vertex sets and edge sets is the graph with vertex set V(G) x V(H) in which (uy,v;) is

adjacent with (ug,vs) whenever u; is adjacent with uy in G or vy is adjacent with vy in
H but not both.

The Symmetric difference is commutative and the degree of a vertex (u,v) of G ® H

is given by
di((u,v)/G® H) = nody(u/G) + nydy(v/H) — 2dy(u/G)di(v/H)

while the number of edges of G & H is equal to n¥msy + n3m; — 4myms, [1].

Lemma 2.20. Let G and H be two graphs with n; and ny vertices and m; and msy

edges, respectively. Then

0, if uy = us and vy = vy;
(a) dagon((ui,v1), (ug,v2)) =< 1, if ujug € E(G) and vivy € E(H) but not both;
2, otherwise.

(b) do((u,v)/G & H) = (ning — 1) — nadi(u/G) — nydy(v/H) + 2d1(u/G)dy (v/ H).
In [1] the following identity was established:

Theorem 2.21. Let G and H be two graphs with n; and ny vertices and m; and ms

edges, respectively. Then
M, (G®H) = (nin3—8ngmy) M (G)+4M(G) My (H)+(ngyn? —8nymy ) My (H)+8ninamims.

It is clear from Lemma 2.20, if G or H not a complete graph, then diam(G ® H) = 2.

Hence from Theorems 2.16 and 2.21, the following result immediately follows.
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Theorem 2.22. Let G and H be two graphs with n; and ns vertices and my and msy

edges, respectively, such that G or H not a complete graph. Then
Ml(G@H> = (n1n§—8n2m2)M1(G)+4M1(G)Ml(H)ﬁ—(nQn%—Snlml)Ml(H)+8n1n2m1m2+

nina((ning — 1)2 — 4(niny — 1)(n2my + n3my — 4myms).
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